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1 Introduction 

In this paper we continue our study of the Cauchy problem associated with 
the Benjamin-Ono equation on the one-dimensional torus (cf. jTT], |12j ) 
by proving the ill-posedness character of this Cauchy problem in Sobolev 
spaces with negative index. Our ill-posedness result is a strong one in the 
sense that for any T > and any non constant function (p G -L^(T), there 
exist an infinite numbers of times t g]0,T[ such that the map uq i— > u{t) is 
discontinuous in H'^iT), s < 0, at ip. Recall that in [12] it is proven that this 
Cauchy problem is globally well-posed in H^iT) for s > with a flow-map 
that is real analytic on hyperplans of functions with a given mean value. 

The Benjamin-Ono equation describes the evolution of the interface be- 
tween two inviscid fluids under some physical conditions (see [2]). It reads 

Ut + HUxx + UUx = . (1) 

In the periodic setting u = u{t, x) is a function from M x T to M, with T : = 
R/27rZ, and Tl is the Hilbert transform defined for 27r-periodic functions 
with mean value zero by 

n{f){0)=0 and n(J){k) = -isgn{k)f{k), k £ Z* . 
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This equation enjoys the same dilation symmetry : u{t, x) i—^ Xu{X'^t, Ax) 
as the cubic Schrodinger equation. Recall that the homogeneous Sobolev 
space H~^^'^(M) stays invariant by this symmetry. This suggests that the 
associated Cauchy problem should be ill-posed at least in Sobolev spaces 
with index less than s* = —1/2. On the other hand, as far as the author 
knows and contrary to the cubic Schrodinger equation, no other symmetry 
is known for this equation. 

The Benjamin-Ono equation is integrable (cf [1]) and so it seems interest- 
ing to compare our result to the ones for other classical integrable equations 
on the one-dimensional torus. For this let us introduce another index, s^, 
that is the index of the Sobolev space above which the Cauchy problem is 
well-posed with a flow-map0 that is of class C°°. For the KdV equation , 
s* = —3/2 and = —1/2 (cf. [10]) but using integrability, Kappeler and 
Topalov [8] recently proved that the flow-map can be continuously extended 
in H~^{T). For mKdV, s* = —1/2 and sjf = 1/2, and the situation is even 
more intrinquing. Indeed, it was proved by Tsutsumi and Takaoka that 
mKdV is still well-posed in H^{T), s > 1/4, but with a flow-map that is not 
uniformly continuous on bounded set for 1/4 < s < 1/2. Moreover, it was 
also proved by Kappeler and Topalov (cf. [9]) that, as for KdV, the flow- 
map can be continuously extended in L^(T). So for these both integrable 
equations, the flow- map can be continuously extended below sjf . As proved 
in [4] (see also [13]), this is not the case for the cubic Schrodinger equation 
and, as our result shows, this is also not the case for the Benjamin-Ono 
equation for which s* = —1/2 and sjf = 0. 

Our proof deeply relies on the well-posedness result in L^(T) established 
in [TT]. Recall that the proof of this result used in a crucial way that some 
gauge transform of the solution, first introduced by T. Tao (cf. [H]), satisfies 
the equation (jl3p (see Section 13. ip which enjoys better smoothing effects 
that the original one (see [7] for a note on the bad behavior of the original 
equation with respect to classical bilinear estimates). Here we will also 
used the special structure of this equation. We proceed by contradiction. 
Assuming that the flow-map associated with the Benjamin-Ono equation 
is continuous from L^(T) equipped with its weak topology into the space 
of distributions (C°°(T))* we will first check directly from the expression 

^For dispersive periodic equations whose nonlinear term is of the form u'^Ux the smooth- 
ness of the flow-map holds not for the original equation but for the equation satisfied by 
u{t,x) = u{t,x — Jg'fu''). Note, however, that for q = 1, since the mean- value of u is 
conserved, the smoothness of the flow-map associated with u ensures the smoothness of 
the flow-map associated with the original equation on hyperplans of functions with a given 
mean-value. 
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of the gauge transform that the flow-map associated with it should also be 
continuous with respect to these topologies. Then, proceeding as in [13] we 
will pass to the limit on the equation (jl3p for some subsequence of gauge 
transforms by separating resonant and non resonant parts of the nonlinear 
terms. We will prove that its limit does not satisfy exactly ([T3D but a 
modified version of this equation. This will lead to the desired contradiction. 

1.1 Main results 

Our main theorem is a result of discontinuity of the flow-map associated 
with ([1]) for the weak L^(T)-topology. Since L^(T) is compactly embedded 
in H'^{T) for s < 0, it ensures the ill-posedness of the periodic Benjamin-Ono 
equation in H^{T) with s < (see Remark 11.21 below) . 

Theorem 1.1 Let uq € L^(T) be a non constant function and {no,n} be 
any sequence o/L^(T) converging strongly in L^(T) to uq. We set uo^n ■= 
uo,n + cos(nx) so that u^^n Uq in L^(T) and denote respectively by Un 
and u the solution of the Benjamin-Ono equation emanating respectively 
from UQ^n o-i^d Uq. Then for any T > there exists t €]0, T[ such that {u„(t)} 
does not converge towards u{t) in the distribution sense. 

Remark 1.2 Since L^(T) is compactly embedded in H^{T) for s < 0, The- 
orem \1.1\ ensures that for all non constant function if G L^(T) and all 
T > 0, there exists t g]0,T[ such that the map uq i— > u{t) associated with the 
Benjamin-Ono equation is discontinuous at <~p in any Sobolev space with neg- 
ative index. This proves the strong ill-posedness of the periodic Benjamin- 
Ono equation in H^{T) with s < 0. 

Remark 1.3 Note that taking no,n '■= uq, for all n S N, this ensures that 
the discontinuity result holds also on hyperplans of functions with a given 
mean value. 

2 Function spaces and notations 

Let us first introduce some notations and function spaces we will work with. 
For x,y € M, X ^ y means that there exists Ci, C2 > such that Ci|x| < 
\y\ < C2\x\ and x <y means that there exists C2 > such that |x| < C2I2/I. 
[x\ will denote the entire part of a real number x. 
For a 27r-periodic function ip, we define its space Fourier transform by 

0{k) := J'x{^){k) ■■= — [ e-'^"" v?(x) dx, Vfe G Z 
2vr Jf 
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and denote by V{-) the free group associated with the Unearized Benjamin- 
Ono equation, 

The Sobolev spaces H^{T) for 27r-periodic functions are defined as usuahy 
and endowed with 

WfWH^'iT) ■= \\{kV^{k)\\L2{Z) = Px^fh^m > 

where (■) := (1 + | • and ji^{k) := {kY(p{k). We will denote by H^{T) 
the closed subspace of if*(T) that contains the functions of i?^(T) with 
mean value zero. 

For a function u{t, x) on T^, we define its space-time Fourier transform by 

u{q^k) := TUu){q.k) := [ e~'^'^'+^-'> u{t,x), 'iiq^k) el? 

(2-kY Jj2 

and define the Bourgain spaces X^'^, Z^'^, and of functions on 
endowed with the norm 

\\u\\x».s := \\{q + \k\k)\kruy^^2) = \\{q)\krj^tAyi-t»\\i2iZ^) (2) 



II^IIzM := 11(9 + \k\k)\kruyn = \\{q)'{krTtAVi-t»\\llll , (3) 

k Q k Q 

and 

|[u||y6,s := ll^llx^'.s + ||lt||^6-l/2,s , (5) 

where we will denote the Wiener algebre simply by A. Recall that 
U'l'iiT^) will denote the Lebes gue spaces endowed with the norm 



u\\lpli{J) ■■= [j^\\u{t,-)\\lq(^j)dt^ 



1/p 



with the obvious modification for p = oo. 

Let u = ^j>o be a classical smooth non homogeneous Littlewood- 
Paley decomposition in space of n, Supp Tx{^qu) C M x [—2, 2] and 

Supp Txi^ju) C M X [-2-''+\ -2^-'^] U M X [2^^^, 2^+^]), j > 1 . 



4 



We defined the Besov type space L^^ by 



1/2 

\u\\f 



[Y^ \\A,n\\%^^,^) . (6) 



'k>Q 

Note that by the Littlewood-Paley square function theorem and Minkowski 
inequality, 



P||l4(T2) 



A:=0 fc=0 



,,2 ^'/'_„ „ 

T4,iir2\ — f 4 



l4(t2) y — II"IIL4{T2) 



and thus Z4(t2) l4(t2). 

We win denote by P+ and P_ the projection on respectiveley the positive 
and the negative spatial Fourier modes. Moreover, for a > 0, we will denote 
by Pa, Qa, P>a and P<a the projection on respectively the spatial Fourier 
modes of absolute value equal or less than a, the spatial Fourier modes of 
absolute value greater than a, the spatial Fourier modes larger than a and 
the spatial Fourier modes smaller than a. 

We will need the function spaces and respectively defined by 

\H\n ■= \\u\\zo,0 + \\Q3U\\x7/S,-^l + \\u\\l4^j2) 

and 

ll-^lli?" ■= + W^WL^miT) + ll-^x||£,4(Tr2) + ll-^IU ) 

Finally, for any function space B and any < T < 1, we denote by Bt the 
corresponding restriction in time space endowed with the norm 

\\u\\bt ■= inf{|b||B, v{-) = n(-) on ] -T,T[} . 

It is worth noticing that the map u i-^ n is an isometry in all our function 
spaces. 



3 Well-posedness result, gauge transform and lin- 
ear estimates 

The proof of Theorem 11.11 uses in a crucial way the well-posedness theorem 
proved in [12]. 
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Theorem 3.1 For all uq G if^(T) with < s < 1/2 and all T > 0, there 
exists a solution u of the Benjamin- Ono equation (BO) satisfying 

u(£Nt and w:= d^P+ie^'^-'^^^) (£ X^^^'' (7) 

where 

u := X — t J~'^o) — j-uo d'nd dx^ := — , ^ € Z* 
This solution is unique in the class 

Moreover u G C(IR;F^(T)) nCb(M;L2(T)) and the map uq ^ {u,w) is 
continuous from H'{T) into {C{[0,T]; H^{T)) n Nt) x X^^^'^ and Lipschitz 
on every bounded set from H^{T) into H'{T) into (C([0, T]; i7*(T)) n A^r) x 
X^^"^'^ follows 

Note that the fact that uq ^ w is continuous from H^{T) into X^^"^'^ is 
not exphcitly stated in Theorem 1.1 of [T2] but fohows directly from the 
estimate (106) page 674 in [12]. 



3.1 The gauge transform 

As indicated in the introduction, we plan to study the behavior of the flow- 
map constructed in the above theorem with respect to the weak topology of 
L^(T). To do so we will use in a crucial way the equation satisfied by the 
gauge transform 

w := P+{e-'^-'^/^u) 

of the solution u. Let us thus first recall how to get this equation. 

Let u be a smooth 27r-periodic solution of (BO) with initial data uq. In 
the sequel, we assume that u{t) has mean value zero for all time. Otherwise 
we do the change of unknown : 

u{t,x) := u{t,x — t J-uq) — j-UQ , (8) 

where j-uo := Po{uo) = ^ fjUo is the mean value of uq. It is easy to 
see that u satisfies (BO) with uq — uq as initial data and since j- u is 
preserved by the flow of (BO), u{t) has mean value zero for all time. We 
define F = d~^u which is the periodic, zero mean value, primitive of n, 

F(0)=0 and%) = ln(e), ^ £ Z* . 
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Following T. Tao |T3], we introduce the gauge transform 
Since F satisfies 



(9) 



X I ) 



jP+ie-'^/'^F^) = -^P+ie-'^/^u) satisfies 



we can check that w := Wx — ^ 

= -d.P 

= -dxP+(wP.{ux)') + '-Po{F^) 



Wt — IWx 



e~'^/\P-{Fxx) - -^Po{F^: 



w . 



(10) 



On the other hand, one can write u as 



u 



(11) 

Recalling that u is real-valued, we get 



u = u 



-2ie-'^/^W - 2ie-'^'^dxP-{e-'PI^) 



and thus 



P_(n) = -2ipJe-'Pl^w\ - 2ip(e~'^'^dxP+{e'^'^ 



(12) 



since P--{v) = P+{v) for any complex- valued function v. Substituing (fT2]) in 
([To]) , we obtain the following equation satisfied by w : 



2idxP+(wdxP-.{e-'^'^w] 



+2idxP+ 



WdxP-(e-^^/'dMe^^/') 



+ -Po{F^)Wx 



A{G, W) + BiG, W) + -Po{F^)Wx . 



(13) 



where G := e Note already that the last term in ()13p can be rewritten 

as 



'-P,{F^)Wx = ^{J^ut,)w, 



since Jj is a constant of the motion for ([T]). 



3.2 Linear estimates 

Let us state some estimates for the free group and the Duhamel operator. 
Let G C^{[—2, 2]) be a time function such that < ip < 1 and ip = 1 on 
[—1,1]. The following hnear estimates are weU-known (cf. [3], [S])- 

Lemma 3.2 For all ip G F'*(T), it holds : 

\\mv{tM^^^2,s <mhs , (15) 

wmvitMY^/^.s < \mh^ , (16) 
\\mv{tMA<\m\iiiz) ■ (17) 

Proof. (jl5p and (jl6p are classical. (jl7p can be obtained in the same way. 
Since V{t) commutes with any time function and 

Tt,x{Vit)w{t, ■)){q, k) = w{q - k\k\,k) , 

we infer that 

\m)v{tMA = \\v{t)m^\\A = \\j'tAM\\iHz^) 

= ll^ll«i(Z)ll'^ll«i(Z) ^ • 



Lemma 3.3 For all G G p f^^i^^ 

[ V{t-t')G{t')dt'\\Yi/2,s <\\G\\x-i/2,s + \\G\\z-i, 
Jo 



(18) 
(19) 

(20) 



Let us recall that (fT8]) - p^ are direct consequences of the following one 
dimensional (in time) inequalities (cf. [S] and [U]): for any function / G 
G°°(T), it holds 



Wm / V{t-t')G{t')dt'\\A<\\G\U-i 
Jo 

and for any < 5 < 1 and any < 6 < 1/2, 

\\iP{t/6) [' V{t - t')Git') dt'Wy,/,,. < 6^^/^''^'\\G\\j,^t,s 



jj{t')dt'\\^,j,<\\f\\^.,/,+ 
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and 



^t[m / f{t')dt' 



Finally to handle with the nonlinear terms we will make use of the following 
linear estimate due to Bourgain (Actually, the result in is proven for 
the Shrodinger group but the result for Benjamin-Ono follows directly by 
projecting on the positive and negative modes) . 

II^'IIl4{T2) ^ l|t'llx3/8>0 • (21) 

Note that according to [6] this ensures that for < T < 1 and 3/8 < b < 1/2, 

ll^^llL4(]_T,r[xT) <r'~'/'lbll;^M • (22) 



4 Proof of Theorem 11.11 

Let {tio„} := {uo,n + cos(n2;)}, where {uo,n} is any sequence converging 
strongly in L^(T) to some non constant function uq S L^(T), and let Un 
and u be the associated emanating solutions constructed in Theorem 13. 11 It 
is clear that {tto,n} converges to uq weakly but not strongly in L^(T). We 
want to prove that there exists no T > such that the sequences {un{t)} do 
converge weakly in the sense of distributions towards u{t) for all t e]0, r[. In 
the sequel we will restrict ourselves to the case where the functions UQ^n and 
Uq have mean value zero. Indeed it is obvious that uo,n — j- uo^n converges 
also weakly but not strongly in L^(T) to uq — j^uo and since the solution 
emanating from uq — f - uq, is given hy u{t, x — t uq) — uq, it is clear that 
the result for the projections on Hq{T) ensures the desired result for {tio,n}- 
Theorem 1 1 . 1 1 will be a consequence of the following key proposition. 

Proposition 4.1 Let uq G Hq(T) and {tio,n} C //q(T) be a sequence con- 
verging weakly in L^(T) towards uq. Then there exist v G Ni and a subse- 
quence {urife} of solutions to (OP emanating from {iio,n} such that Un^{t) 
v{t) for all t G [-1, 1]. 

Moreover, if we assume that v satisfies (Cp on ]0, T[, with < T < 1, 
then the following assertions hold on the sequence of gauge functions {wn^. '■= 

5,P+(e-*«-"'«"0} ■• 

i) Wfi^ dxP+{e~^^^^) in xl^"^'^ that is continuous from [0,T] into 
L2(T) and satisfies (Cg) on ]0,T[. 
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ii) There exists an increasing subsequence {nk'} of {rik} such that Wny 
w in X^^'^'^ that is solution of 



Wt - iw^^ = 2id:,P+ [Wd^P^{e-^^/^w 
+2id^P 



Wd^P.{e-'^/^d^P+{e'^/^) 



+ ^(("^ - ll^^o|li2(T)) - 8(a(t) - \\w{t)\\l2(^j))^w 



where F := ^v, W :- 



lim 



/ 

JT 



^\Pq{v')w on]0,r[, 



(23) 



and t H-> a(t) : = 



lim 



\wnyii)'^ is a continuous function. 



The proof of this proposition is the aim of the next section. The first part 
will follow directly from Theorem 13.11 Then assuming that v satisfies ([T|) 
on ]0, T[ we will prove the two assertions in the following way. On one 
hand, we will observe that due to the expression of the gauge transform, the 
sequence {wn} has to converge weakly in X^^'^'^ to 9a;P+(e~"^^ ^/^) which 
must satisfy equation (jl3p on ]0, T[. On the other hand, passing to the limit 
in the equation (fT3]) for some subsequence of {wn} we prove that its weak 
limit in X^^'^ must satisfy the equation (|23p which is a kind of perturbation 
of (I13p by some terms that measure some defect of strong L^(T)-convergence. 

From Proposition 14.11 we deduce that there exists v £ Ni and a subse- 
quence of emanating solutions {un^} such that Un^{t) v{t) in L^(T) for all 
t G [—1, 1]. If there exists no T > such that v = u oxi [0, T] then Theorem 
11.11 is proven and so we are done. We can thus assume that v = u on [0, T] 
and thus v verifies ([T|) on ]0, T[. Let us now prove that the assertions i) and 
ii) cannot hold in the same time. For this, let us compute the defect terms 
at the initial time for our sequence of initial data. First, since UQ^n uq in 
L^(T), it is obvious that 



lim / |no,n| 



uqI + lim / |cos(nx) 



\uo\ + 27r 



(24) 



The computation of the second term is done in the following lemma. 

Lemma 4.2 Setting wo^n ■= 9x-f+(e~*'^"'"/^) and wq := dxP+ie'"^^^/"^) with 
Fo.n '■= d^^UQn and Fq := d^^^UQ , it holds : 



lim / |tt;o,nP = / \wq\^ + -k/2. 



(25) 
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Proof. We observe that 



\Wo,n\ 



P+(no,„e' 
P+(no,ne^ 



+ 



P+(cos(nx)e' 



+2K / P+(cos(n2;)e-^-^o-"/2)p^(-uo_^e-^-^o."/2) 
Jt 

= + + Cn ■ 

where Fo,n = a^. H 

Now, since no,n ^ in L^(T), Fo,n and g"*-^"-"/^ converge respectively 
to Fo and e'^-^o/^ any H^T) with s < 1 and thus in L°°(T). It is then easy 
to check that ucne"'-^"-"/^ ^ uoe-^-^o/^ ^^(T) and thus An \wq\'^ . 

To compute the hmit of Cn we notice that Cn can be rewritten as 

Cn = 2^ [ cos(nx)e~^^«'"/2p^^^^^^g-iFo,„/2) 

and thus, in the same way, C„ — > since cos(n2;) ^ in L^(T). Finahy, for 
the same reasons, we get 



hm Bn = hm 

n— >oo n— >oo 



P+(cos(nx)e~'-^«/2) 



2 /■ 

= hm / 


^ g-ii^o/2 


n-*co J J 


2 



7r/2 



where we used that for any g G L^(T), it holds 

2 



lim 

n— >cx) 



lim 

n— >cx) 



. 



□ 

Gathering (p4|) and (f25|l we infer that for our choice of the sequence {no,™} 
it holds 



— (a - ||no||i2(Tr)) - -(a(0) - 



L2(T)) - ^ 



Since t a{t) and t — > dxP+{e *^/^) are continuous functions from [0, T] 
into respectively 1R+ and L^(T), this leads to a contradiction between the 
assertions i) and ii) of Proposition HTT] as soon as dxP+{e~^^'-^ «o/2^ _^ 
this is always the case as shown in the following lemma which completes the 
proof of the theorem. 
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Lemma 4.3 For any non identically vanishing uq € L^(T) with mean-value 
zero, it holds 

Proof. Since d~^UQ G H^{T) and P-\-{g) = P-{g) for any complex- valued 
function g, it is equivalent to prove that P_(e*-^) 7^ Cst for any non identi- 
cally vanishing function / € i/^(T) with mean- value zero. We proceed by 
contradiction by assuming that there exists such / for which P-[e^^) = Cst. 
We could then write 

00 

n=0 

and thus e*-^^^) = F(e*^) where 

00 

F{z) ■.= YanZ^ 

n=0 

is an holomorphic function on the unit disk. It is well known that the number 
of zeros in the unit disk of an holomorphic function H is given by 

-1- f ^dz 

2m Jci H{z) 

where is the unit circle. Noticing that ^^(^(e*^)) = e'f^'^hf'{e) on one 
hand and dg{F{e^^)) = F'(e*^)e*^ on the other hand, we infer that 

Hence, F does not vanish in the unit disk and thus there exists an holomor- 
phic function G on the unit disk such that F = e^^ . It follows that 

G{e'^) = f{e) mod 2tt, MO € [0,27r], 

and, since / is continuous, this implies that actually G(e*^) = f{6) + Cst. 
Therefore G is an holomorphic function on the unit disk that takes only 
real- values on the unit circle. This is clearly impossible unless G = Gst 
which forces f = Gst = since / has mean- value zero. □ 
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5 Proof of Proposition 14.11 



First we observe that, on account of Banach-Steinhaus theorem and The- 
orem [3TT1 the sequence of emanating solutions {n„} is bounded in A^i and 
the corresponding sequence of gauge functions {wn} is bounded in xl^'^'^ . 
Therefore, up to the extraction of a subsequence {un^}, converges weakly 
in L^(] - l,l[xT)) and weakly star in L~(] - 1,1[;L2(T)) to some v in 
L°°(]-l,l[;L2(T))nL''(]-l,l[xT)). Let us check that t; G iVi . To do this, 
we take time extensions tt„ of n„ such that ||?in|jAf ^ 2|[n„||jVi- Obviously 
QsUn Q3V in where i) is a time extension of v. It remains to 

prove that V G Since L^(T^)) ^ L^(T^), it follows from Parseval the- 

orem that J^t,x{un) ^t,x{v) in and in particular Tt^x{un){Q,k) 

Tt,x{v){q-,k) for all ((/, /c) G 1?. By Fatou's lemma, 

E\^t,x{'^){q,k)\ < liminf |J"t,^(tt„)(g,A:)| , 
71— »00 ^ ' 

and using again Fatou's lemma, we get 

Tt,xm<lM] <liminf> ( > J^i 

,x 

{un){q,k)\] = liminf ||-u„|||o,o ■ 

/ n— *oo ^ — ' \ ^ — ' / n— >oo 

This ensures that v G A^i . Moreover in view of ([1]) it is easy to check that for 
any smooth space function the sequence {t ^ {unf,{t), (p)x,2} is bounded 
in C([— 1, 1]) and uniformly equi-continuous. Hence, from Ascoli's theorem, 
{un^{t), (p) converges towards {v(t), (p)i2 in C([— 1, 1]) and thus Un^{t) v{t) 
in L^(T) for any t G [—1, 1]. Hence, in particular, v{0) = uq. 

We will now assume that v satisfies ([T]) on ]0, T[ for some < T < 1 and 
prove the assertions i) and ii). 

5.1 Proof of the first assertion 

We set Fn := d~^Un- From the hypotheses, {dxFn} is bounded in A^i and 
thus {Fn} is bounded in xj''^. Since from the equation, 

dtFn + HdlFn = FlJ2 - \ jFl, (26) 

and {dxFr^ is bounded in L'^(] — l,l[xT), it follows that {-F„} is also 
bounded in X\^^ . By interpolation with the bound above, it follows that 
is bounded in x\^'^'^^'^ . Since U^{\ — l,l[xT) is compactly included 
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into x\^'^'^^'^ ^ we deduce that converges to dr^^v in LP(] — l,l[xT), 

2 < p < cxo and thus also almost everywhere in [—1, 1] x T. Therefore, 
converges almost everywhere to e and since it is obviously 
bounded by 1 in L°^{\ — 1, l[xT), the convergence also holds in T)' by the 
dominated convergence theorem. This ensures that Wn ■= P+(e~*'^"/^) con- 
verges to P4.(e~*^^ ^^'^) in 7?' and thus Wn, which is bounded in X^^'^'^ , 
converges to dxP+ie""^^^ ^/^) weakly in x\^'^''^ . Moreover, since v ^ Ni 
C([-1,1];L2(T)) and v ^ d^P+ie-'^^^"/'^) is clearly continuous in ^^(T), 
t ^ a^P+(e-*^/2) belongs to C([0, T]; ^^(T)). 

Let us check that dxP+{e~'^^=' ''/^) satisfies the equation (fT3]) on ]0, r[ with 
F := d~^v (note that this is implicitly contains in Theorem 13.11 since v sat- 
isfies ([l]) and belongs to the class of uniqueness). Since v E C([0, T]; L^(T)) 
and satisfies (BO) on ]0,r[,vt G C{[0,T]; H-^{T)). Therefore F G C([0, T]; Fi(T))n 
C^{[0,T]; (T)) and the following calculations are thus justified: 

dtP+ie-^^/') = -^P+(F,e-^/2) 

= (^e-'^/\-nFxx + Fl/2 - P,{Fl)/2) 

and 

5,,P+(e-^^/2) = pJe-'^l\-Fl/A - iF,.j2) 



Since (jlip and (jl2p also make sense for u, we conclude that a^P+(e-*'5- ^/2) 
satifies ([13]) in V'{]Q,T[-kT). □ 

5.2 Two product lemmas 

In the sequel we will have to make use of the two following lemmas that are 
respectively proven in the appendix of [12] and |11| . 

Lemma 5.1 Let z G L°°(T; ifi(T)) and let v G ^^(T^) then 

II^'^IIl4(T2) ^ (Il^lli°°(ir2) + lkx||L°°L2(T2))||l'|lx,4(T2) • (27) 

Lemma 5.2 Let a > and 1 < q < oo then 

DxP+(^fP-dxg^ ^^^^^ ^ I|-C>?/IIlw(T) ll^?fi'llL92(T) , 



with 1 < Qi < oo, 1/qi + l/q2 = l/q anc 



71 > Q, 72 > 
7i + 72 = a + 1 
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5.3 Proof of the second assertion 



As announced, we plan now to pass to the limit in p3p . For this our first 
task consists in proving that the sequence {G„} := {e~^^"} is bounded in 
and converges weakly in (X^^'^''^ nX^'^) to G = e~^^^ ^'/■^ (see in Section 
[2] the definition of the space Ry°). Then, in view of the linear estimates 
of Section [3^2] we will study the behavior of A{Gn,Wn) and B{Gn,Wn) in 



^^^''^ and in some spaces continuously embedded in X^ ^/^+' 

Lemma 5.3 The sequences {Fn} and {Wn} associated with {un} are re- 
spectively bounded in R\ and xl^^'-^ nL°°{]- 1, 1[; H^{T). 

Proof. First, note that the result for {W^} follows directly from the bound- 
edness of {Fn} and {wn} in respectively — 1, 1[; if-^(T)) and xl^"^'^ 

together with the continuity of the map F i— > ^^(e"*^/^) in H^{T). Let us 
now prove the result for {Fn}. We set F„ := ip^Fn where ^ G Co~([-2,2]) 
is a time function such that < ip < 1 and ip = 1 on [—1,1]. From The- 
orem 13.11 and (I26p we already know that {Fn} is bounded in X^'^ n X^'^ 
and that {dxFn} is bounded in L^(T^) CiZ^'^. In particular, {J-t^x{dxFn)} is 
bounded in I'^l^ and applying Cauchy-Schwarz in k it follows directly that 
{QsdxFn} is bounded in A. On the other hand multiplying (j26p by ■ip'^ and 
using Lemmas 13.2113.31 we infer that 



^ l|-P3-Pb,n||ii(Z) + 



X{|fc|<3}- 



•IpUn * IpU 



+ 



TtiPoii^Un)' 



Applying Cauchy-Schwarz inequality in q and k , it follows that 



^ l|-P3-^0,n||/i(Z) + 



< 



IpUn * IpUn 



/2(Z2) 



+ ||Po((V'^n)')||L? 



^ I|-P3^i0,n||/2(Z) + ||V''"n|li4(Tr2) 



K^0,n||L2(T) + ll^nllAT 



This ensures that {PsFn} is bounded in A and completes the proof of the 
lemma. 

Lemma 5.4 Let {Fn} be a sequence bounded in R\ that converges in (C°°(] — 
l,l[xT))* to F then the sequences {G„ := e~^^"/^ and {G^ = e*'^"/^} 

bounded in R^^^ and converge in (C°°(] — l,l[xT))* to respectively e~*'^/^ 
and e*^/^ . 
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Proof . Since the sign in front of iF we not play any role in the analysis we 
choose the positive sign and thus we prove the statement for F ^ G. We 
start by proving the continuity of the map F e*'^/^ from R\ into r!]^^ . 
Let F be a time extension of F such that < 2||F||^i. To simplify the 

notations we drop the ~ in the remaining of the proof. Expanding e*^/^ as 



oiF/2 



°o -k 



E 

fc=0 



F' 



it suffices to check that this serie is absolutely convergent in R^^^. First we 
notice that thanks to Lemma l5.ll for i > 2, 

\\dx{F'')\\i4^j2) < i \\F'~'^dxF\\ii^j2) < i'^\\dxF\\ii^j2)\\F\\'^~^^j2){'i-+\\F\\L^(j.Hi{T))) 
and thus 



oo ^ 

E||«!4(^') 



i=0 



< 



\\F\\a 



^ \\dxF\\l4(^j2){l + ||-?^||l°°(T;H1{T))) 

Next, using that A and L°°(T; iJ^(T)) are algebras, it clearly holds 

oo ^ oo ^ 

i=0 



i=0 



and 



oo ^ 



i=0 

It thus remains to estimate 



< pII-'^IIloo(T;H"1{T)) 



L°°(T;Hi(T)) 



Ii:=\\F'\\x7/s,o= {ay/' Yl F{quh)...Fiq,,ki 

qi + ..qi=q, k-^ + ..ki=k 

where i > 2 and a = a{q, k) := g + k'^. Since we do not have a control 
on llJTj 11^4 but on ||92,F|[j;^4 we have to use a Littlewood-Paley 

decomposition. We can write as 

[ji-2-lnj/ln2] i 



jl>0 j2=0 



0<i3,-- Ji<j2 



q=3 



n 



+ E E ^1^^.^ E n{n,..,j,)l[A,^F 

jl>0j2=[ji-2-lni/ln2]+l 0<js,..,ji<j2 9=3 

[ji-2-lni/ln2] jj 

E E ^... + E E ^Ln (29) 

jl>0 j2=0 ji>0j2 = [ji~2-lni/ln2]+l 
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where n(ji, ..Ji) G {1, - 1)}. 

• Contribution of the first term of (p9]) . Setting a*^ ■= 8+ji+j2+hii/ln2, 
we first write 



{|cr|<2 J1.J2} ■^-''■^'^ 



Noticing that 



+ 



{|ct|>2 Ji'J2} 



32' 



{|cr|>2 



/2 



0<j3,--jj<i2 g=3 



L°°(T2) 



< (X;i|AjF||i^(Tr2 



i-2 



i=o 

< lli^lir 



and that by frequency localization, 

l|AjF||i4(Tr2) < 2-J'(||F||i4(Tr2) + 11^x11^4(^2) 

we infer that 



[ji-2-lni/ln 2] 

E 

jl>0 j2=0 



< -l)Y,Y. 2^^'^/^||A,,F||^4(Tr2)2^^V8||A^.^F||^4(T2)||F||: 

jl>0i2>0 

< - 1) ^ ^ 2-^V82-.2/8(||^||^^^^^^ + 



jl>0j2>0 



< ,;2 



2|| 77l|i-2 



i^(i-l)(||F||^4(Tr2) + ||F,||i4(Tr2))^||F|| 

To estimate the second term of the right-hand side of ()30p we notice that, 
since j2 < ji — 2 — In i/ In 2, 



p=3 



where 



p=i 
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i\k2\ < and \kp\ < min(2|A;2| + 2, \ki\/i),p = 3, | 

with Jo := [0,2] and h := [2^"^ 2*^+1] for k > I. Now, setting Ui : = 
cr{qi, ki) = qi + \ki\ki, the resonant relation gives 



<y-Y.''^ = k\k\-Y.^i\kj\ = (Zk,)\Y,H-Y. ^1 I (31) 

i=i j=i j=i i=i i=i 

and, since /c and k\ have the same sign in Bf'^ ■ , it is not too hard to check 
that 

i 

k-^ajl < 8i|A;i|(|/e2| + 1) . 
i=i 

For [aj > 28+Ji+J2+i°Vin2 > ioi|/cij(jA;2| + 1) it thus results that 



(fj) < i uiayiiaj) 



and thus 



{|cr|>2 J1'J2} ■'l'-^^ 



[ji-2-lni/ln2] 

E E 

jl>0 i2=0 

ji-2-lni/ln2 

jl>0 j2=0 



«2{Z) 



{|o-|>2 Ji'J2} -'^'•^^ 



< 



z2(.-l)||F||^.,o||F|| 



i-l 



/2(Z) 

(32) 



• Contribution of second term of (j29p . We proceed in a similar way. We 
set := 8 + ji + j2 + 2 In i/ In 2 and notice that 



E E 

Ji>0 i2 = [ii-2-lnj/ln2]+l 
[jl-2-lni/ln2] 



< 



E E 



7/3?,.,,/8|,^i 



i,jllL2(T) 



ii>o j2=o 

<i3(i - 1) E E 2^^'^/^||A,,F||i4(Tr2)2^^V8||A^.^^||^,^^,j^|||=-i 



ii>oj2>o 



< 



i3(i-l)(||F||i4(T2) + ||F,||i4(T2))2||F|| 



2|| Z7l|fc-1 

A 
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On the other hand, since this time j2 > ji — 2 — In i/ In 2, we have 



\J'tASL,){q,k)\<i{i-l)Y,\nqi,h)\nQ2,h)\]l\F^^^^ 

r<<i,k p=3 

where 

i i 

^ifi {{n^--^Qi^h, ■■,ki) e Z2*,^gp = q,^kp = k, \ki\ £ 

p=i p=i 

10i|A;2| > l^il and \kp\ < 2\k2\ + 2,p = 3, | . 
(|3T]) then ensures that in C?'^ it holds 

i 

la-^cTjl < 100i2max(2, |A;i|)max(|/c2|,2) . 



For \a\ > 2'^n.32 > 2001^ max(2, |A;i |) max(|A;2j, 2) it results that 

(a) < i max(o-j) . 

and we thus obtain an estimate similar to ()32p . Since ^^Zi ' 2'^!^^ ^ 
this completes the proof of the strong continuity of the map F ^ G from 
R\ into rI'^. 

Let us now prove the convergence result. On account of the continuity 
result proved above, the sequence {e*'^"/^} is bounded in r[^^ . Therefore it is 
relatively compact in (C°°(] — 1, l[xT))* and thus it remains to check that the 
only possible limit is e^^/"^. Since the serie X]fc=o°° converges absolutely 
in — 1, l[xT), by the Lebesgue dominated convergence theorem it suffices 
to check that for any fixed k, the map F i— > F'^ is strongly continuous from a 
function space where R\ is compactly embedded, into — 1, l[xT))*. 

Obviously E = /^max{2,fe)^'j2^ answers the question for 1 < A; < oo. Indeed 

1 /2 1 /2 z 

X^' ' ' is compactly embedded in L (] — l,l[xT) for 2 < A; < oo and 
F ^ F^ is continuous from L"^ax(2,fc)Q _ i[xT) into L^] - 1, l[xT). □ 

Let us now prove the desired continuity result on B. 

Lemma 5.5 Let {{GmWn)} be a sequence hounded in r[^^ x that 
converges in the sense of distributions to {G,W) . Then B{Gn,Wn) con- 
verges weakly in to B{G, W). 
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Proof . Let (G, W) belonging to r[^^ x X^'^''^ . We take extensions G and W 
of G and 1^, such that ||G||^^7/8 < 2||G|L^7/8 and 111^11^1/2,1 < 2||M/^|| 1/2,1 , 



1/2,1 



that we stiU denote by G and W to simphfy the notation. From (|2ip we 
infer by duahty that 



-l/2+,0 < 



\\B{G,W)\\x. 
According to Lemma 15.21 it results that 



B{G,W)\\ 



L4/3(T2) ■ 



|-S(G,H^)||^-l/2+,0 < \\w\\l4(j2) 



d^rP- Gd,.p^G 



L2(T2) 

^ ll^llL-i(Tr2)||c?xG||/^4(x2)||5i.G||i4(Tr2) . 



(33) 



This proves that B{Gn, Wn) remains bounded in X i/^+'O. Now to prove the 
convergence result, we will argue as in the preceding lemma by proving the 
strong continuity of B from a function space, where {xl^"^'^ CiX^'^) x X^/^'^ 
is compactly embedded, into X~^^^~'^. Since X^/^'Vs = [j^i/2,0^ j^o,i]2/3 
compactly embedded in L^(T^), we infer by interpolating with Ux G L^(T^) 
that R^^^ is compactly embedded in the space of functions u E L^(T^) such 
that dH^u belongs to L^/^(T^). On the other hand, using again Lemma [57 
and (1211) we observe that 



\B{G,W)\\ 



x-1/2,- 



i< 



P+[WdxP-{GdxP+G) 

(T2) 



L*/3(T2) 

< 111)2/3^^11^36^^,^ Dir'P^(GdxP+G 

<||W^||x3/8,2/3||D^/3G||i9/2(Tr2)P^/3G|| 



L9/4(T2) 
L9/2{T2) ■ 



1/2 1 

This concludes the proof since X-^ ' is obviously compacty embedded in 



X 



3/8,2/3 
1 



□ 



Let us now study the continuity of A. 



Lemma 5.6 The operator A is continuous from x xl^"^'^ into ^/^'°_ 

7/8 1/21 ~ ~ 

Proof. Let (G, W) belonging to xX^ ' . We take extensions G and W 



of G and W, such that IIGI 



i?7/8 



< 2IIGI 



rI 



/8 



and ||VF||yi/2.i < 2||W|| ^1/2,1 , 

^1 



that we still denote by G and to simplify the notation. We decompose 
A{G,W) as 



A{G,W) = 2i dxP+(wdxP^{AjwApG 
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= 2i d,,P+(wd^P_{^.jw\G) 

0<i<P+5 

+2i d.,P+{wd^P.{^jw\G) 

0<P<j-5 

= Ai+A2. 

To estimate the first term we use again ()2ip and Lemma 15.21 to get 

\\A,{G,W)\\^-^/,+^o<\\A,iG,W)\\L4/^j2) 



(34) 



p+4 



p j=o 



L2(T2) 



and the last term of the above right-hand side can be estimated in the 
following way ( we set := Aj_i + Aj + Aj+i for j > 1) 



p+4 



p>0 
1 2 



j=0 



L2(T2) 



p+4 



p=0 i=0 j=0 

II / 

+ II E A.wApG) 

p>2 j=Q 



L2(T2) 



L2{T2) 



+||E E 54P-(Ap+iluApG) 

p>2 i=-l 



L2{T2) 



< 



l|G'llL-i{T2)||''i'||L4(T2) + 
4 

E E||^-(^-(^p+^^^p^)) 



p-2 

Ap(a,P_(^AjuJApG) 
i=o 



2 

L2(T2) 



1/2 



p>2 i=-l 



L2(ir2-) 



where in the last step we use the quasi-orthogonality of the Aj in L^(T^). 
Applying Cauchy-Schwarz in p for the last term of the above right-hand side 
member, we finally get 



C<\\Gh^^j2)\\w\\^,;,,o + (J2 \\d.A,G\\l,^r' 

p 

11^11^4(^2) + \\dxG\\l4^j2^j\\w\\xl/2,0 . 



1/2 r 



\w\\lhi:^) + (E ll^p^lli4(T 



< 
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Now setting 

Hp= AjwApG (35) 

j>p+5 

A2 can be rewritten as 

p>0 

We thus have to estimate 

I:=\[A2{G,W),h)^^ 

p>0 B 

X{k>2P+^} \h{q,k)\\k\\Wiq^,h)\\k - k^\\Hp{q2,k2)\ 

p>0 B 
= h+h 

where k = ki + k2, q = qi + q2 and 

B ■■= {{qi,q2,ki,k2) € Z^, A;i > 0, A;2 < and ki + k2 > 0} . 

The idea of this dichotomy is the following : In the domain of integration 
of /i, \k\ is controlled by 2^ which is the order of the modes of ApG. On 
the other hand, in the domain of integration of I2 the modes of h and W are 
very large with respect to the modes of ApG and then the resonant relation 
will give a smoothing effect. 

We use that ki > \k2\ on B and a Littlewood-Paley decomposition of h to 
get thanks to (j2ip and Cauchy-Schwarz inequality in p, 

p 

^l^E E '^'"\\^HQ,mWiqi,ki)\\k2\\Hp{q2,k2)\ 
p>0 i=-6 
00 

< E E \^HQ,mMqi,hmHp{q2,k2)\ 

i=—6 p>max(0,j) 

<sup \A^h{q,k)\\w{qi,ki)\2P\Hp{q2,k2)\ 

*— *^ p>max(0,i) 

<ll-^-'(l^l)llL4(T^)(Ell-^"'(l^l)lli^(T^))'^'(E2''ll-^"'(l^pl)lli^(T^))' 
p>0 p>0 
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Note that X^/^'" ^ L'^iT^). Moreover, since 

A,Hp = A,(^ AjwApG^ , 

j>p+5 
i-2<j<i+2 

we infer that 

i>0 i>0 

~ 11^11x3/8,0 ll^pG'|||4('ir2) 

and thus 

^1 < Ikllx3/8,0|I^IIX3/8,0(||G||^V2,0 + ||a,.G||^4(Tr2)) ■ (36) 

On the other hand, 

B2 

where q := qi + q2 + qs, k := ki + k2 + k^ and 

B2 ■■= [iqi,q2,q3,ki,k2,k3) e Z^, ki >0,k2< 0, A;i + /C2 + fcg > 
^2 + A:3 < and min(|/c|, |/c2|) > lOlfcal + l} ■ 

Note that on B2 we have 100A;| < \k2\k and j/c — A;i| = \k2 + A;3| < 2\k2\- 
Hence, \ki\ < 2max(|A;|, \k — ki\) < 4max(|/c|, |/c2|) and thus on B2, it holds 

3 

|<T - cJi - 0-2 - o-gl = |(^ kif - kf + kj- k^lksl 
1=1 

= \^2k2k + 2kik3 + kl-k3\k3\ 

> \k2k\ . (37) 

Therefore, since clearly ki > k on B2, 

^2<j;|A;|^/'|fc2|'/'|%,fe)||ti(gi,fci)||^(g2,A;2)||G'((?3,fc3)| 
B2 

<5^max((cT)^/2^(c7,)^/2)|^(^^^)||^(^^^^^)||^(^^^^^^||(5(^^^^^)| _(38) 
B2 
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This last estimate together with (j36p ensure that out of the domain ^3 := 
B2 n {\a\ > max(|(Tj|)/10} the following estimate holds : 



P2(F,VF)||^_i/2+,o < ||T^||j,i/2,i(l|5xG'||^4(Tr) + ||G|U + ||G' 
and that on the domain B3, it holds 



\A2{F,W)\\j,-^/,,o < \\W\\ly,A\\d.G\\^,„. + ||G|U) . 



(39) 



(40) 



Since X~^^'^^'^ is continuously embedded in Z~^''^, it thus remains to esti- 
mate the Z~^'''-norm of A2{G,W) on B3. We proceed as in [12]. Note that 
here we will replace W by Ws := ip{-/5)W with < 6 <1 and make appear 
a contraction factor in 5 > ( we will need it in Lemma l5.10p . By ()37p . in 
this region we have : 

{a)r^{kk2) . (41) 

We thus have to estimate 



C(q,k) 



(|/c|A;^ '^\ws{qi, ki)\\k - ki\\w5{q2, A;2)||G(g3, /cs)] 



'■k'-q 



(42) 



where qs ■= q — qi — q2, k^ := k — ki — k2 and 
C{q,k) := [{qi,q2,ki,k2) eZ\ ki > 1, ^2 < -1, 

i{k, I/C2I) > W\k -ki- k2\ + 1, \a\ > {k\k2\)^ . 
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Note that in C{q, k) with /c > it holds, as in B2, ki > max(A;, \k — ki\) and 
ki < 4max(/c, \k2\)- We divide B^ into 2 subregions. 

• The subregion max(|(Ti|, |(T2|) > {k\k2\)^ ■ We will assume that max(|(Ti |, |cj2| 
|o"i| since the other case can be treated in exactly the same way. Then, by 
[T]). we get 



where 



C(q,k) 



\wsiqi,ki)\\W^iq2,k2)\{k3)-^/^^'\Giqs,ks)\ 



(fj)i/2+2i6(ai)-i/8 



k Q 



(43) 



C{q,k) = {{qi,q2,ki,k2) S G{q,k), \ai\ > {k\k2\)^<>} 
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and by applying Cauchy-Schwarz in q we obtain thanks to ([22 



B{q,k) 

<5'/''lk5|lxiAo(l|G||xo,o + ||G||^oa), (44) 
where in the last step we used that for a function v G X^'^ n X"'^, 



• The subregion max(|(Ti|, |(T2|) < (A;|A;2|) • Changing the q,qi,q2 summa- 
tion in qi,q2, Q3 summation in (j42p and using (j4ip , we infer that 

^<||E^^' E E IWfe,A;2)lEl^fe,A:3 

C(fc) ^j=„fc2+o{|fcfc2r/«) g2=fci+0(|fcfe2|i/i6) gaez 

with C{k) = {ki > l,k2 < —1 and k — ki < —1}. Applying Cauchy- 
Schwarz inequality in qi and q2 and recalling that A;i > 1 we get 



/ < 



X{fc>l} E(^l)"'(^l^2!)^i^l(fcl)K2(A:2) E 1^(93,^3)1 
C{k) 



where 



K,{k) = \wsiQ,k)\^)'^^ and K2{k) = (J] \W^{q,k)\^)'/^ . 



Therefore, by Holder and then Cauchy-Schwarz inequalities, 



I^ikr-^ E E \G{<iM\ E Ki{ki)K2{k-ki-k^ 

^ II E E l^fe, h)\ K^{ki)K2{k -k,- k,) 

^ (E^^i(^)')'^' (E^2(^)')'^' E E i^fe,A.3 

< ||w5|||2(Tr2) E E 1*^(53, A;3)| 
<5i/i6||G|U||«;5|lWo. 



(45) 
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This completes the proof of the lemma. □ 
We will now decompose A(G, W) in another way to study the behavior 
of A with respect to weaker topologies. First we note that 

A{G,W) = 2idlP+(wP-{wG)^ - 2id^P+{wP^{wG)^ 

= Ai{G,W) + A2{G,W) . (46) 

The following lemma ensures that Ai behaves well for our purpose. 

Lemma 5.7 The operator Ai{G, W) is continuous from X'^^^'^^^ x x'^^^''^^^ 
into ^. 

Proof. Up to the use of classical time extension of W and G, it is equivalent 
to prove that 



5, l|/l||xl/2,2 ||VF||^3/g^7/8 ||G||j^3/8,l/8 



I:=\Y1 k%q,k)W{qi,h)ik2W{q2,k2)Giq3,h 

with q = qi + q2 + qs, k = ki + k2 + k:i and 

D := {iki,k2,k3) G Z^, ki > 0, k2 < 0, k2 + k-^ < 0, ki + k2 + ks > 0} . 

Noticing that on D it holds |A;2 + /^sl < ki and thus |A;2| < + l^sli it is 
straightforward using (j2ip to see that 

E ^'fe^)Pir/'l^('?i,fci)l|A^2r/'Ffe,A:2)||fc3r/'|G(g3,fc3)| 

Z^xD 

^ 11^11x3/8.2 ||VF||j5f3/8,l/8 1 1 1 1 j(^3/8,7/8 1 1 G 1 1 j^3/8,l/8 • 

□ 

We continue the decomposition of A by decomposing A2(W,G) as 



A2 {W, G) = -2id^P+ [wP^ {wG'^ 

= 2^{ki + k2 + k:i)w{ki)%{k2)G{k^)e'^^^+^^+^-'^'' 

D 

+2 kw{ki)^{-ki)G{k)e'^'' 



0<k<ki 

= A2i{G,W)+A22{G,W) (47) 

where 

D := |(A;i,A;2,fc3) G Z^, ki > 0, k2 < 0, ^2+^:3 < 0, ki+k2+k3 > and ki+k2 / o| . 
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Lemma 5.8 A21 is continuous from [x'l^^^''^ n xf^^'^^^) x xj^^^^'^^^^'^ into 

^-7/16,-2 

Proof . Up to the choice of suitable time extensions of w and G we have to 
estimate 

:= I ^ kh{q,k)id{qi,ki))w{q2,k2)G{qs,k3 

where k = ki + k2 + k^ and q = qi + q2 + Qs- We divide D into 3 regions. 

• Di := {{ki,k2,k3) & D, k^ > ^max(/ci, |/c2|)}- In this region we get 

Z^xDi 

< 11/^11x3/8,2 111^11^^3/8,3/4 ||G||^3/8,0 . 

• D2 := {{ki,k2,k3) & D, k^> ^max(A;i, |A;2|)}. In this region we get 

i/D,< E \k\\kQ,k)\\k,r'/^^\wiq,,k,))\\k2r'/^^^^ 

8,31/32 ||G||j(^3/8,l/8 ■ 

• 1^3 := {{ki, k2, fes) € D, max(A;^, /cg) < jq max(/ci, |A:2|)}. In this region we 
use the resonant relation. Setting a = a{q, k) := q + \k\k and = cr(gj, ki), 
we have 

a - ai - a2 - as = k'^ - kl + k2 - \k3\k3 . 
Since on 1)3, |A;i| 7^ |A;2|, it holds 

\ki — /^ll — iiiax(A;i, \k2\) 

and thus 

max(|(7|, |c7i|) > max(A;i, 1^2!) • 
Therefore in we get 

Z3xD2 

{<T2)'/''\k2\~'/''Mq2,k2)\{a3)'/''\G{q3,k,)\ 



11/^-11x7/16,1 ||I^|lx7/16,31/32 ||G||j5f7/16,0 . 
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This completes the proof of the lemma. □ 
We rewritte now A22{G, W) in the following way : 

ki>0,k>0 

-2 w{ki)W{-ki)kG{k)e' 



A22{G,W) = -2i w{ki)%{-ki){ik)G{k)e' 



Akx 



0<ki<k 



W 



i2„.w + A22i{G,W) (48) 

vr ^ ' 

since w = dxP+G. Finally, we notice that A221 is a good term on account 
of the following lemma. 

Lemma 5.9 ^221 "is continuous from x^^^''^ x x^^^'^^"^ into ^. 

Proof. Up to the choice of suitable time extensions of W and G it suffices 
to estimate 

/:= MKQM\<i^{qiM)\\^{q2,-h)\\G{q^M 



(91,'J2>93)eZ^ 
0<fex<fe 



< 



0<fci<fc 



< l|/i|lx3/8,2||Vr||^3/8.1/2||G||^3/8.0 • (49) 

□ 

Let us set now 

A(G, W) := Ai{G, W) + A2i{G, W) + ^22i(G, W) 

so that 

K{G,W) = A{G,W) + -\\w\\l2„^w . (50) 

Note that the map W ^ \\Wx\\\2(j^Wx is clearly continuous from L°°(\ — 
1, 1[; i?^(T)) into L^Q _ i[xT). We thus deduce from Lemma ES] that A 
is continuous from R^^ x {xl'^'^ n L°°(] - 1, l[;i?^(T)) into Y^^'^'^ . On 
the other hand, gathering Lemmas 15.7115.91 we get that A is continuous from 
(x[/^^'° nXf/«'^/«) X xl'''''"'^ into X-"''^-\ 

Since n ^ rI'^ and {xl'^'^ n X°'^) x xl'^'^ is clearly com- 

pactly embedded in (xj'^^^''^ n x^^^'^^^) x ^^16, 31/32 thus infer from 
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Lemmas I5.3ti5.4l that A(G„,VF„) is bounded in ^^'^''^ and converges in 
the sense of distributions towards A{G,W). Moreover, according to (fTSj) . 
/ 1-^ Jq* V{t — t')f{t') dt' is continuous from into X^^^'^* and thus 

(G, W) ^ /o V{t - t')A{G{t'), W{t')) dt' is continuous from rI^^ x {x}^^'^ n 
L-C-1, 1[; HHT)) into and froni (x[/^6,i/i6 ^^3/8,1/8^ ^^7/16,31/32 

into xl^'^' ^. It follows that 

V{t-t')k{Gn{t'), Wn{t')) dt' ^ / V{t-t')K{G{t'), W{t')) dt' in . 

Jo 

(51) 

According to Lemmas 15. 4| 15.51 and (jlSp it is clear that the same convergence 
results hold for W„). In particular, 

r Wn{t')) dt' ^ r W{t')) dt' in . 

Jo 

(52) 

Finally, to identify the limit of the terms ||t(;n||/,2(x)^'i ^'^^ need the 
following compactness result on sequences of gauge functions 

Lemma 5.10 Let {no,n} C Hq{T) he a sequence of initial data that is 
bounded in L^(T). Then the associated sequence of norm, of gauge functions 
{t I— > ||ifn(i) ||l2(2-)} is bounded in C([— 1,1]) and uniformly equi- continuous 
on [-1,1]. 

Proof. The boundedness follows directly from Theorem 13.11 since u{t) 
dxP+{e~^^'^ "*^*)) is clearly continuous on Hq{T). Moreover, from (fT6l) . (fT8|) 
and the Duhamel formulation of (llSp we infer that for any to S 1] 
6 > small enough, 

ll^n(-) - V{- - io)w^n(io)||L°°(to-5,to+<5;L2(T)) 

< ^(^) f V{t - t') \A{GnM-/mn) + B{Gn, Wn) + '-Po{Fl,)Wn] {t') dt' 

Therefore, combining ([ISD, ([50]), ([MI), dMI), and the fact that obviously 
{Po(-^n,x)^™} is bounded in ^3^2; we infer that 

for some v > 0. Since V{-) is unitary in L^(T), it thus results that 



yi/2,0 



sup 

telto-S,to+S] 



\Wn{t)\\L^ - \\Wn{to)\\L^{J) 



Note that X^"'^'~^ ^ F" 
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This ensures that {t i— > ||iL>n(i)||L2(r)} is uniformly equi-continuous on [— 1, 1]. 

□ 

5.4 End of the proof 

Note that, by Banach-Steinhaus theorem, {||iio,n||L2} is bounded in and 
thus admits at least one adherence value. Let us denote by a > such 
an adherence value of {||no,n||L2} and let us denote by {||iio,nfe Ilia} a sub- 
sequence that converges towards a. Setting wo^n '■= <9a;P+(e~*^== "o,n/2^ ^^^^^ 
recalling that the L^(T)-norm is a constant of the motion for ([1]) we infer 
from (j5U|) and the Duhamel formula that 



1^ V{t - t') (a(G„,, + B{Gn„Wn,){t')) dt' 



i /"* 

+ ^ll'"0,n|li2 / V{t-t')Wn^{t')dt' 



vr 







V{t-t'){\\Wnjl2Wn,){t')dt' , ViG]-l,l[. (53) 



Note that Lemma 15.101 ensures that up to another extraction of a subse- 
quence, the sequence of functions {t ^ ||w^nfc(0llL2(j')} converges to some 
positive continuous function t ^ a{t) in C([— 1,1]). Moreover, since ob- 
viously {9~^no,n} converges strongly in L°°(T) towards d~^UQ, it is easy 
to check that {tL'o.n} converges toward wq := dxP+{e~^^'^ «o/2^ weakly in 
L^(T). From the linear estimates of Lemmas 13.2113.31 and ()5ip -()52 p . it thus 
follows that 



wit) = V{t)wo 



V{t - t') (a(G, W){t') + B{G, VF)(t')) dt' 



+—a^ I V{t-t')w{t')dt' 
- [ V{t-t'){a{t')w{t'))dt' , yte]0,l[- (54) 



TT 







with G := e ^^"^ and W := ^w. Moreover w is solution of the following 
Cauchy problem on ]0, 1[ : 



wt - iw^x + iA + B){G,W)--[ — - a{t) )w = 
w{0) = a^P+(e-*^- '"0/2) 



(55) 
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Finally, since v £ Ni and satisfies Q on ]0,T[ with < T < 1, the L^{T)- 
norm of v is conserved on [0,T]. The equation for w can thus clearly be 
rewritten on lO, Tf as 



2id,,pJwd,PM-'^'^w) 



+— (a - ||no||i2(Tr))^^ - -{a{t) - |k(i)llL2(T))w 
that concludes the proof. 
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